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1. Motivation
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» Competing forecasts of the univariate series y; using p
forecast models: y; = ({14, ...,0p), t =1,...,T.

» Forecast errors: e; = (e, ..., ey) ~ N(0,3).

» Let © = X1 be the precision matrix.

» Goal: Find the optimal forecast combination, jf = w'y;,
that minimizes the MSFE of the combined forecast error:

e =we

min MSFE = min E [w'ete;w} = minw'Ew
W W W

st.wiy, =1,

Q)
w=_——F (1)

! (= ’
LpOLp

where ¢, is a p x 1 vector of ones.
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NOTATION

Given a vector u € R7:

> Jlully = || + [uz] + .. + |ua

lull . = maxi<j<q|u;]

Given a matrix U € RP*?:

> [IU]|; = maxi<j<p > 1| Uij| (maximum column sum)
> |HU|H§ = Ay (UU’) (the maximal singular value of U)

Abbreviations:
» EW —equal-weighted

» GLASSO and MB - graphical models that do not use factor
structure

» Factor GLASSO and Factor MB — factor graphical models
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Success oF EQuaL-WEIGHTED FORECASTS
» Let MSFE(w,X) = w'Xw
Estimation uncertainty in w = the “optimal” forecast
combination is not guaranteed to outperform equal

weights or improve the individual forecasts (Smith &
Wallis, 2009; Claeskens et al., 2016)

MSFE(w, ) — MSFE(w, £)| < | — w]), Hf}w”
> Leta=1¢,01,/p,anda = L;,@Lp/p (Callot et al., 2019):

[©-©)u], |
22 4o — )

a ‘e"l"Hl

)

W — <
HW WHl — |a|a

» Consistent estimator of the precision matrix ® = control
the estimation uncertainty in w
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Do Forecasters MAKE COMMON MISTAKES?

Figure 1: The ECB’s SPF: Circles denote quarterly 1-year-ahead forecasts of the Euro-
area real GDP growth, YOY percentage change. Blue line - actual series.
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» Forecast errors follow an approximate g-factor model:

e =B £ +e, t=1,...,T
~—~ ~—~
px1 qx1

» f; = (fir,...,fqr)" - factors of the forecast errors.
» B - matrix of factor loadings.
» &, - idiosyncratic component. Assume E[g|f;] = 0.

» Notation:
E [sts;] = 25
E[f£f] = =
E [ete}] =X = BB + X,

0.=3!, &= 2}:1

» Challenge: When forecast errors are driven by common
factors, cannot assume sparse ©.

» Question: How to estimate HD © under the factor
structure?
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ExisTING LITERATURE vs THis PAPER

Existing Literature:

1. Graphical Models: estimate precision matrix directly

(Nodewise-Regression by Meinshausen & Bithlmann (MB),
2006; Graphical Lasso (GLASSO) by Friedman et al., 2008).

» Assumption: sparse precision matrix.

2. Factor Models:

e =B £, +e, t=1,...,T
~— ~—
px1 qx1

Idea: estimate covariance matrix using Eq (2), invert it.

This Paper: how to use graphical models under the
factor structure to estimate ® for the estimation of the
optimal forecast combination weights, w.
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2. Factor Graphical Model (FGM)
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GRrAPHICAL [LAssO

» Given a sample {e;}L |, let S = (1/T) ZtT:l(et)(et)’ denote
the sample covariance matrix.
> Let W = S + Al and D? = diag(W);

» Weighted penalized log-likelihood (Jankova & van de
Geer, 2018):

© = arg min trace(W®) — log det(®) + A %‘ D;D;|©®;], (3)

Idea of GL: Complete columns of ® using the gradient of
Eq (3)
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NoODEWISE REGRESSION

> LetejbeaT x 1 vector of observations for the j-th regressor

» The remaining covariates are collected in a T x p matrix

E_.
]
For eachj =1,...,p we run the following Lasso regressions:
~ . 2
7; = arg min (Hej—E—j’YHZ/TJFZ)\j||’YH1>, (4)
~yERP—1

where5; = {3 ;i = 1,...,p, k #j}.
» Forj=1,...,p, define

7 = |lej — E_A5/T + N[5, (5)

Lee, Seregina Learning from Forecast Errors 10 /29



MorivaTion MobEL SIMULATION APPLICATION SUMMARY
000000 00800 000000000 0000 000

NoODEWISE REGRESSION

» Define
1 A2 - 1y
. Y1 1 e
c=| ' o o
A1 —Apa 1
and write
T? = diag(#7,..., %))

» The approximate inverse is defined as
® =T72C. (6)
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FGM
» Forecast errors: e; = (e, ..., ey) ~ N(0,X)

e=Bf;+¢, t=1,....T

¥ =BX/B + X.
e=x"'0.=3" 6= 2}:1
» Goal: find the optimal forecast combination weights

_ O
—
Lp@Lp

» Challenge: when factors are present, the precision matrix
of forecast errors cannot be sparse.
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FGM
T
~ 1 = , o~
Se= Y E—-e)&—¢&); O GrMdl GLASSO or MB,
t=1
1 T
A~ _ A . — o _ / o~y o /\71
3 = T;u Hf—f; ;=%

» Solution: use Sherman-Morrison-Woodbury (SMW)
formula to estimate the precision of forecast errors:

FGr. Mdl - ©® = ©. —©.B[©; +B'©.B]"! B O..
T e B[ ©f + ¢B] ‘ e
Gr. Mdl Fdl F.Mdl
N @Lp » If Gr. Mdl = GL = Factor GLASSO;
W= —x—,
L;,@Lp » If Gr. Mdl = MB = Factor MB
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4. Monte Carlo Simulation
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THeORETICAL RESULTS: SUMMARY

Recall:

aH(@*@)Lle + ’a _a‘ ||@;p||1

p

H‘Tv*WHl < ;

|ala

» Consistency of Factor GLASSO (under certain sparsity
restrictions on ©.): m(:) — @H‘ =op(1),n=1,2 (Lee,
Seregina, 2020); !

» Consistency of Factor MB (under certain sparsity
restrictions on ©; . ): max1§j§pH(:)j - Qan =op(l),n=1,2
(Seregina, 2020)

= |% — wl;, = 0p(1)

Lee, Seregina Learning from Forecast Errors 14 /29



MorivaTion MoDEL SIMULATION APPLICATION SUMMARY
000000 00000 0@0000000 0000 000

DGP1 ror EsTiIMATION

e = <€1t, . 7€pt)l ~ N(O, 2)

fr= g1+ G

€ =B ft + &4, tzl,,T
~—~ ~—
px1 qx1

» f; - g x 1 vector of factors, ¢y = 0.2.

> ¢ ~N(0,1), & ~ N(0,%,), with sparse ©, that has a random
graph structure (next slide).

» B: the first ¢ columns of an upper triangular matrix from a
Cholesky decomposition of the p x p Toeplitz matrix:

Q = (Q);;, where (Q); = plil,i,je1,....p; p=02.
» Setp =T, g =2(log(T))*> T = [25),k =7,7.5,8,...,9.5.

Lee, Seregina Learning from Forecast Errors 15/29



MorivaTion MoDEL SIMULATION APPLICATION SUMMARY
000000 00000 000000000 0000 000

DGP1 ror EsTiIMATION

» Random graph structure (Erd§s—Rényi model) for ©,
Let A. be a p x p adjacency matrix:

Al — 1, fori#j with probability 7,
° )0, otherwise.

# edges in a graph = st = p(p — 1)7/2. To control sparsity,
we set 1 = 1/(pT*®) = st = O(T*®).
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Figure 2: Averaged errors of the estimators of ® on logarithmic scale (base 2): p = T%-5,
q = 2(log(T))*?, st = O(T*®).
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Figure 3: Averaged errors of the estimator of w (base 2) on logarithmic scale: p = T,
q = 2(log(T))’, s = O(T*%).
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DGP2 ror FORECASTING
Xt = Agt + V¢
gt = Pgi—1 + &

o0
/
Yiy1 = gro + Z Os€ry1—s + €141
s=1

0s = (1+s)c3, 1 €{0,0.75} and ¢, € {0.6,0.7,0.8,0.9}

» x; - N x 1 vector of predictors.
» g; - x 1 vector of factors.

> vi ~ N(0,07), & ~ N(0,07), er41 ~ N(0,1), a ~ N (1,1).
» A: the first r rows of an upper triangular matrix from a
Cholesky decomposition of the N x N Toeplitz matrix

parameterized by p.
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MobDEL
» Factor-augmented autoregressive models of orders k, I/,
FAR(k,I):

Vep1 = fu+f18us + -+ fadrs + orye + - + D11,

wherek =0,1,...,Kand [ =0,1,...,L.
» The total number of forecasting models is:

p=(01+K)x(1+L)
» Forecast errors:

e =B £ +e&, t=1,...,T
~— —~—
px1 gx1

» Training sample: m = T/2. Test sample: t =m,..., T — 1.
> MSFE = — T_l(y —W'y)?
T—m t+1 yt)-
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Plots of the MSFE over the sample size T
1 €{0.075}, =09, N=100, r =5, 0, =1, L=7,
K=2,p=24,4q=5 p=09, ¢=08
&1 — otasso ER
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Plots of the MSFE over the values of g
c1=0.75,¢ =09, T=800, N=100, r =5, o¢ =1,
L=12, K=0,p=13,q{0.1,....10}, p=10.9, ¢ =0.8.

©o |
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o Factor GLASSO
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= A
o |
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Estimated Factors, g
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4. Application

Lee, Seregina Learning from Forecast Errors 23/29



MoTivaTiON MoDEL SIMULATION APPLICATION SUMMARY
000000 00000 000000000 @000 000

Data

» McCracken and Ng (2016), FRED-MD, monthly,
1959:1-2020:07, T = 726

» m = 120, train sample, rolling windows
» n=T-m—h+1,testsamplet =m,..., T —h
» Number of regressors in X, N = 128

Models
» FAR(k,I) withk =0,1,...,K=9,and [ =0,1,...,L =11
» Total number of forecasting models p = 120
» h-step-ahead forecasts (h =1,2,3,4)
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Series for Forecasting

Let {Y;}]_, be the series of interest for forecasting
(Coulombe et al. (2020))

» INDPROD and S&P500:

h 1
yt(+)h =7 In(Yein/Yr).
» UNRATE:
0 = Ly )y
Yein = ﬁ( tn/Yt)-
» FEDFUNDS:

h
v, = n(Yep).
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PrebictioN oF MonTHLY INDPROD anp S&P500

SIMULATION
000000000

APPLICATION

[e]e] o]

INDPROD
h EW GLASSO Factor GLASSO MB Factor MB
1 277E-04 1.51E-04 1.24E-04 2.23E-04 1.28E-04
2 3.26E-04 1.79E-04 5.59E-05 1.61E-04 1.38E-04
3 1.55E-04 9.77E-05 3.81E-05 1.17E-04  6.54E-05
4 1.18E-04 7.60E-05 2.38E-05 1.03E-04 2.65E-05
S&P500
1 1.40E-03 1.39E-03 1.37E-03 1.34E-03  9.57E-03
2 1.71E-03 1.44E-03 8.95E-04 1.55E-03  1.01E-03
3 1.66E-03 1.34E-03 3.48E-04 1.43E-03  6.69E-04
4 1.27E-03 1.06E-03 3.95E-04 9.55E-04 7.91E-04
T—h

_ 1 h SIS \2
MSFE = 71 2 W~ W91

EW stands for the “Equal-Weighted” forecast, GLASSO and MB are the models that do not use

the factor structure in the forecast errors. Factor GLASSO and Factor MB are our proposed
Factor Graphical Models.
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PrepictioN oF MonTHLY UNRATE anp FEDFUNDS

UNRATE
h EW GLASSO Factor GLASSO MB Factor MB
1 0.2531 0.0858 0.0109 0.0557 0.0107
2 03758 0.1334 0.0066 0.0448 0.0081
3 0.0743  0.0651 0.0066 0.0532 0.0051
4 21999  0.6871 0.1578 1.0973 0.2510
FEDFUNDS
1 0.0609 0.1813 0.0205 0.0424 0.0448
2 0.1426 1.2230 0.0288 0.0675 0.0416
3 0.2354 1.2710 0.0508 0.1217 0.1038
4 0.3702 1.4672 0.0592 0.2470 0.1962
T—h

_ 1 h I N\2

EW stands for the “Equal-Weighted” forecast, GLASSO and MB are the models that do not use
the factor structure in the forecast errors. Factor GLASSO and Factor MB are our proposed
Factor Graphical Models.
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5. Conclusions
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CONCLUSIONS

1. Learning from Forecast Errors:
» Different forecast models tend to make the same (common)
mistakes.
» Forecast errors are driven by common factors.
» We cannot assume that the precision matrix of forecast
errors is sparse.

2. A New Approach to Forecast Combinations:

» We decompose the forecast errors into the common and
idiosyncratic errors.

» We assume the sparsity on the precision matrix of the
idiosyncratic forecast errors.

» We develop the novel algorithm, Factor Graphical Models,
for forecast combinations.
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CONCLUSIONS

3. Simulation and Application:

» Factor GLASSO and Factor MB consistently estimate
precision matrix of forecast errors and optimal combination
weights.

» Factor GLASSO outperforms GLASSO, Factor MB
outperforms MB.

» Both outperform EW.

Work in Progress: Time-Varying Factor Graphical Models,
portfolio application.
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Questions? Please contact me at esere0010ucr.edu and I
will be happy to address any questions.

More Info? Please visit my website at seregina.info.
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